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$\Omega\subseteq \mathrm{R}^{n}$ : $\Gamma=\partial\Omega$ : $Q=(0, T)\mathrm{x}\Omega,$ $\Sigma=$
$(0, T)\cross \mathrm{r}$
EXAMPLE 1 (Sine-Gordon equation)
$[$ $\frac{\partial^{2}y}{\partial t^{2}}+\alpha\frac{\partial y}{\partial t}-\beta\Delta y+\gamma\sin y=f(t, x)$ in $Q$ ,
$\{$
$y(t, x)=0$ on $\Sigma$ ,
$y(0, x)=y\mathrm{o}(x)$ , $\frac{\partial}{\partial t}y(0, X)=y1(x)$ on $\Omega$ .




EXAMPLE 2 (Structural damped Sine-Gordon equation)
$\{$
$\frac{\partial^{2}y}{\partial t^{2}}-\alpha\Delta\frac{\partial y}{\partial t}-\beta\Delta y+\gamma\sin y=f(t, x)$ in $Q$ ,
$y(t, x)=0$ on $\Sigma$ ,




EXAMPLE 3 (Coupled Sine-Gordon equations)
$\{$
$\frac{\partial^{2}y_{1}}{\frac{\partial y_{2}l^{t^{2}}}{\partial t^{2}}}+\alpha_{1^{\frac{\partial y_{1}}{\frac{\partial y_{2}\partial t}{\partial t}}-\beta_{1y1}\mathrm{s}_{\mathrm{i}}}}+\alpha_{2}-\beta_{2}\Delta y_{2^{+\gamma_{1}\mathrm{n}(}}+\gamma 2\mathrm{s}\mathrm{n}\Delta \mathrm{i}(y1+y2y_{1}-y2)=f_{2})=f_{1(,X)}(tt,x)- \mathrm{i}\mathrm{n}\mathrm{i}\mathrm{n}QQ,$
’
$y_{i}(t, x)=0$ on $\Sigma$ ,




EXAMPLE 4 (Another coupled Sine-Gordon equations)
$. \frac{\frac{\partial^{l}y_{1}}{\partial y_{2}8^{t^{2}}}}{\partial t^{2}}+\alpha 2-+\alpha_{1^{\frac{\partial y_{1}}{\frac{\partial y_{2}\partial t}{\partial t}}}}-\beta 1\triangle y1\gamma_{2}1\mathrm{s}\mathrm{i}y_{1}+k\beta 2\Delta y2^{+\mathrm{n}}+\gamma\sin y2+k2(y2^{-y_{2}}-y1)=f1(y1)=f1(2(t,X)t, x)\mathrm{i}\mathrm{n}\mathrm{i}\mathrm{n}QQ$
$y_{i}(t, x)=0$ on $\Sigma$ ,




EXAMPLE 5 (Klein-Gordon equation)
$\{$
$\frac{\partial^{2}y}{\partial t^{2}}+\alpha\frac{\partial y}{\partial t}-\beta\Delta y=|y|\gamma y$ in $Q$ ,
$y(t, x)=0$ on $\Sigma$ ,











$\bullet$ $\langle\cdot, \cdot\rangle_{X’,X}$ $X$ X’
$\bullet$ $(\cdot, \cdot)_{X}$ $X$
$V$ Geffand triple ,
$Varrow H\equiv H’arrow V’\Leftrightarrow I_{d}$ : $Varrow H$ , $V$ H $\mathrm{d}\mathrm{e}\mathrm{n}\mathrm{s}\mathrm{e}_{\text{ }}$
$V_{2}arrow H\equiv H^{\prime_{\mathrm{L}arrow}}V_{2}J\Leftrightarrow$ $I_{d}$ : $V_{2}arrow H$ , $V_{2}$ H dense.
$A_{1}(t),$ $A_{2(t})$ $V=V_{1}$
( A) $A_{i}(t)\in \mathcal{L}(V_{i}, V_{i}’),$ $i=1,2$
$\forall t\in[0, T]$ $a_{i}(t, \phi, \varphi)$ $V_{i}\cross$ Vi , 4 bihnear
form , $\forall t\in[0, T],$ $\forall\emptyset,$ $\varphi\in V_{i}$
(i) $a_{i}(t;\phi, \varphi)=a_{i}(t;\varphi, \emptyset)$ ,
(ii) $\exists c_{i1}>0$ ; . $|a_{i}(t;\phi, \varphi)|\leq c_{i}1||.\phi||_{V_{i}}||\varphi||V_{i}$ ,
(iii) $\exists\alpha_{i}>0,$ $\lambda_{i}\in \mathrm{R}$ ; $a_{i}(t;\emptyset, \emptyset)+\lambda_{i}|\phi|_{H}^{2}\geq\alpha_{i}||\emptyset||_{V}^{2}i$
’
(iv) $tarrow a_{i}(t;\phi, \varphi)$ $[0,T]$ ,
$\exists \mathrm{q}_{2}>0$ ; $|\dot{a}_{i}(t;\phi, \varphi)|\leq c_{i}2||\phi||_{V_{i}}||\varphi||V_{i}$ .
(ii)
$a_{i}(t;\emptyset, \varphi)=\langle A_{i}(t)\emptyset, \varphi\rangle_{V_{i}’,V}i$ ’
$\forall\phi,$ $\varphi\in Vi$
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, $V$ , $Varrow V_{2}$ ( )
, Geffand triple Geffand fivefold
$Varrow V_{2^{\mathrm{L}}}arrow H\equiv H’arrow V_{2}’arrow V’$
$\forall x\in V$ ,
$\langle x, y\rangle_{V_{1}}V’=\langle x, y\rangle V_{2},V_{2}$’ if $y\in V_{2}’$ , $\langle x, y\rangle_{V_{2},V’}2=(x, y)_{H}$ if $y\in H$
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$(EQ)\{$
$\ddot{y}+A_{2}(t)\dot{y}+A_{1}(t)y=f(t, y)$ in $(0,T)$ ,
$y(0)=y0\in V$,
$\mathit{9}(0)=y_{1}\in H$.
, $f$ : $[0, \tau]\cross V_{2}arrow V_{2}’$
(F1) $\forall x\in V$, $f(\cdot, x)$ : $[0, T]arrow V_{2}’$ ,
(F2) $\exists\beta\in L^{2}(0, \tau;\mathrm{R}^{+})$ ; $||f(t, x)-f(t, y)||V_{2}’\leq\beta(t)||x-y||_{V}2’\forall x,$ $y\in V_{2}$ ,
(F3) $\exists\gamma\in L^{2}(0, \tau;\mathrm{R}^{+})$ ; $||f(t, \mathrm{o})||V’\leq\gamma(t)2$
(F4) $V_{2}=V$ $Varrow V_{2}$
$(EQ)$ y $(EQ)$ y[
$W(0, T)$
$W(0, T)=\{y\in L2(0, T;V) : \dot{y}\in L2. (0, T;V2),\ddot{y}\in L2(\mathrm{o}, T;V’)\}$
$\{$
$\langle y’’(\cdot), \phi\rangle_{V’},V+a2(\cdot;y(’\cdot), \phi)+a1(\cdot;y(\cdot), \phi)=\langle f(\cdot,y(\cdot)), \emptyset\rangle V’,V_{2}2$
for all $\phi\in V$ in the sense of $D’(0, \tau)$
$y(0)=y0\in V$, $A^{d}dt(\mathrm{o})=y_{1}\in H$.
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,THEOREM 1 $(\mathrm{E}\mathrm{Q})$ y $W(0, T)$ –
$y$
$y\in C([0, T];V)$ , $\dot{y}\in C([0, T];H)$
Galerkin finite approximation –
$a_{1}(t;y(t), y(t))+| \dot{y}(t)|_{H}^{2}+2\int_{0}^{t}a_{2}(\sigma;\dot{y}(\sigma),\dot{y}(\sigma))d\sigma$
$=$ $a_{1}( \mathrm{o};y0, y\mathrm{o})+|y1|^{2}H^{+}\int_{0}^{t}\dot{a}_{1(}\sigma;y(\sigma),$ $y(\sigma))d\sigma$
$+2 \int_{0}^{t}\langle f(\sigma, y(\sigma)),\dot{y}(\sigma)\rangle_{V_{2}’,V}2d\sigma$ .
3 Sine-Gordon
3.1 Sine-Gordon equation
EXAMPLE 1 $y_{0}\in H_{0}^{1}(\Omega),$ $y1\in L^{2}(\Omega),$ $f\in L^{2}(Q)$ $V=$
$H_{0}^{1}(\Omega),$ $V2=H=L^{2}(\Omega)$ 2 bihhnear form
$a_{1}( \phi, \varphi)=\int_{\Omega}\beta\nabla\phi\cdot\nabla\varphi dX$, $\forall\emptyset,$ $\varphi\in V=H_{0}^{1}(\Omega)$ .
$a_{2}( \emptyset, \varphi)=\int_{\Omega}\alpha\phi\varphi dx,$ $\forall\phi,$ $\varphi\in V_{2}=L^{2}(\Omega)$ .
, $\nabla\phi=(\frac{\partial\phi}{\partial x_{1}},$ $\frac{\partial\phi}{\partial x_{2}},$ $\cdots,$ $\frac{\partial\phi}{\partial x_{n}})$ $f(t, y)=-\gamma\sin y+f(t, x)$
3.2 Structural damped Sine-Gordon equation
EXAMPLE 2 $y_{0}\in H_{0}^{1}(\Omega),$ $y1\in L^{2}(\Omega),$ $f\in L^{2}(Q)$
$V=V_{2}=H_{0}^{1}(\Omega),$ $H=L^{2}(\Omega)$ 2 bilinear form
$a_{1}( \phi, \varphi)=\int_{\Omega}\beta\nabla\phi\cdot\nabla\varphi dX$, $\forall\emptyset,$ $\varphi\in V=H^{1}0(\Omega)$ .
$a_{2}( \emptyset, \varphi)=\int_{\Omega}\alpha\nabla\emptyset\cdot\nabla\varphi dx,$ $\forall\emptyset,$ $\varphi\in V=H^{1}0(\Omega)$ .
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$f(t, y)=-\gamma\sin y+f(t, x)$ $H_{0}^{1}(\Omega)arrow H_{0}^{1}(\Omega)$
33 Coupled Sine-Gordon equations
EXAMPLE 3 $y_{0}^{i}\in H_{0}^{1}(\Omega),$ $y1\in L^{2}i(\Omega),$ $f_{i}\in L^{2}(Q),$ $i=1,2$
$V=H_{0()}^{1}\Omega\cross H^{1}0(\Omega),$ $V_{2}=H=L^{2}(\Omega)\cross L^{2}(\Omega)$ 2 bilinear form
.
$a_{1}((\phi 1, \phi_{2}),$ $( \varphi_{1,\varphi 2}))=\int_{\Omega}(\beta 1\nabla\phi 1^{\cdot}\nabla\varphi_{1}+\beta_{1}\nabla\emptyset 2^{\cdot}\nabla\varphi 2)dX$,
$\forall(\phi 1, \phi_{2}),$ $(\varphi_{1}, \varphi 2)\in V=H_{0(}1\Omega)\cross H_{0}^{1}(\Omega)$.
$a_{2}( \phi, \varphi)=\int_{\Omega}(\alpha_{1}\emptyset 1\varphi 1+\alpha 2\emptyset 2\varphi_{2})d_{X}$,
$\forall(\phi_{1}, \emptyset 2),$ $(\varphi_{1,\varphi 2})\in V2=L2(\Omega)\cross L^{2}(\Omega)$ .
$f(t, (y_{1}, y_{2}))=(-\gamma_{1}\sin(y1+y_{2})+f1(t, X),$ $-\gamma 2\sin(y1-y2)+f_{2}(t, X))$
EXAMPLE 4
Klein-Gordon equation EXAMPLE 5
4 Sine-Gordon
EXAMPLE 1 $\Omega=(0, l)$
$0=x0<x_{1}<\cdots<x_{N}<x_{N+1}=l$ $(0, l)$ $I_{j}=(xj-1, xj)$
$h_{j}=x_{j}-x_{jl}-,j=1,2,$ $\cdots,$ $N+1$
$V_{h}=$ {$y:y$ Ij $[0,1]$ $y(\mathrm{O})=y(l)=0$}
$V_{h}\subset H_{0}^{1}(0, \iota)$ $\psi_{i}\in V_{h},$ $i=1,2,$ $\cdots,$ $N$
$\psi_{i}(x)=$ (4.1)
$( \phi, \psi)=\int_{0}^{l}\emptyset(x)\psi(s)dX$ $L^{2}(0, l)$ $y_{h}(t, x)$
$y_{h}(t, x)= \sum_{i}N=1\xi_{i}(t)\psi i(X)$ , $y_{h}$
$(y_{h}’,\psi_{j}’)+\alpha(y_{h}^{;}, \psi_{j})+\beta(\nabla y_{h}, \nabla\psi_{j})+\gamma(\sin yh, \psi j)=(f, \psi_{j})$ ,
(4.2)
$(y_{h}(0), \psi j)=(y0, \psi_{j})$ , $(y_{h(X}’),$ $\psi j)=(y_{1,\psi_{j}}),$ $j=1,$ $\cdots,$ $N$.
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(4.2) $\xi$
$\sum_{i=1}^{N}\xi_{i}’/(t)(\psi i,\psi j)+\alpha\sum^{N}\xi i(’)(\psi i\psi_{j})t,+\beta\sum\xi i(i=1i=1Nt)(\nabla\psi_{i}, \nabla\psi_{j})$
$+\gamma(\sin yh(t),\psi_{j})=(f(t),\psi_{j})$ , (4.3)
N N
$\sum_{i=1}\xi i(0)(\psi i,\psi_{j})=(y_{0},\psi_{j})$ , $\sum_{i=1}\xi i(\prime \mathrm{o})(\psi i,\psi_{j})=(y1,\psi j)$ .
$\Psi=(\psi i, \psi_{j})_{i}^{j}=1,\cdots,N\in=1,\cdots,NM_{N\mathrm{x}N(\mathrm{R})}$ ,
$\Phi=(\nabla\psi i, \nabla\psi j)ij=1,\cdots,N\in 1=,\cdots,NMN\mathrm{X}N(\mathrm{R})$ ,
$G(t)=[(\sin y_{h}(t), \psi_{1}), \cdots, (\sin y_{h}(t), \psi_{N})]^{T}\in M_{N\cross 1}(\mathrm{R})$ ,
$F(t)=[(f(t), \phi_{1}), \cdots, (f(t),\psi_{N})]^{T}\in MN\cross 1(\mathrm{R})$ ,
$—(t)=[\xi_{i}(t), \cdots,\xi_{N}(t)]^{\tau_{\in}}MN\mathrm{x}1(\mathrm{R})$ ,
$\mathrm{y}0=[(y0, \psi_{1}), \cdots, (y_{0},\psi_{N})]\tau\in MN\mathrm{X}1(\mathrm{R})$ ,




$\Psi_{-}^{-}-(0)=\mathrm{y}_{0}$ , $\Psi_{-}^{-;}-(0)=\mathrm{y}1$ . (4.4)
$\Psi^{-1}$
$\{$
$\text{ ^{}\prime\prime}(t)+\alpha \text{ }\prime(t)+\beta\Psi^{-}1\Phi_{-}^{-}-(t)+\gamma\Psi-1G(t)=\Psi-1F(t)$




$\psi_{i}^{+}(X)=\frac{1}{h_{i}}(X-xi-1)$ on $[xi-1, x_{i}]$ ,
$\psi_{i}^{-}(_{X)\frac{1}{h_{i+1}}(x-}=-X_{i}+1)$ on $[_{X_{i},X_{i+1}}]$ .
(4.6)
p) $i=1,2,$ $\cdots,$ $N\iota_{\sim}.\sim \mathrm{t}’\mathrm{a}\text{ ^{}-}\tau$
$( \psi_{i}, \psi_{i})=\frac{1}{3}(h_{i}+h_{i+1})$ , $( \psi_{i+1}, \psi_{i})=(\psi_{i\psi_{i+}},1)=\frac{1}{6}h_{i+1}$ ,
$r$












$0$ $0$ $0$ $0$ $\frac{h_{N-1}}{2}$ $h_{N-1}+h_{N}$ 2











\xi oO) $=\xi N+1(t)=0,$ $t\in[0, T]$ $i=$
$1,2,$ $\cdots,$ $N+1$ , $\xi_{i}-\xi_{i-1}\neq 0,$ $t\in$ [xi-l, $x_{i}$ ] $\xi i+1-\xi_{i}\neq 0,$ $t\in[x_{i}, x_{i+}1]$
,
$(\sin y_{h}(t), \psi_{i})$ $=$ $\int_{x_{i-}}^{x_{i}}1)\sin(\xi_{i}-1(t\psi_{i1}^{-}-(x)+\xi_{i}(t)\psi_{i}+(X))\psi_{i}+(X)dx$
$+ \int_{x_{i}}^{x_{i+1}}\sin(\xi i(t)\psi i^{-}(x)+\xi i+1(t)\psi_{i}+(+1)x)\psi_{i}^{-}(X)dx$
$=$ $\frac{h_{i}}{\xi i(t)-\xi i-1(t)}[-\cos\xi_{i}(t)+\frac{\sin\xi i(t)-\sin\xi_{i-}1(t)}{\xi_{i}(t)-\xi_{i-1}(t)}]$
$+ \frac{h_{i+1}}{\xi i+1(t)-\xi_{i}(t)}[\cos\xi_{i}(t)-\frac{\sin\xi i+1(t)-\sin\xi i(t)}{\xi_{i+1(t)}-\xi_{i}(t)}]$ .
$\xi_{i}-\xi_{i-}1=0$ on [Xi-l, $x_{i}$ ] –
N (4.5) 4 Runge-Kutta
Mathematica Simulation








EXAMPLE 1 (Sine-Gordon equation)






EXAMPLE 2 (Structural damped Sine-Gordon equation)
\alpha \mbox{\boldmath $\gamma$}
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EXAMPLE 3 (Coupled Sine-Gordon equations)
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EXAMPLE 5 (Klein-Gordon equation)
$\gamma\neq 0$ $\alpha,$
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